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W∗-SUPERRIGIDITY FOR ARBITRARY ACTIONS OF CENTRAL QUOTIENTS
OF BRAID GROUPS
IONUT CHIFAN, ADRIAN IOANA, AND YOSHIKATA KIDA
Abstract. For any n > 4 let B˜n = Bn/Z(Bn) be the quotient of the braid group Bn
through its center. We prove that any free ergodicprobabilitymeasure preserving (pmp)
action B˜n y (X, µ) is W∗-superrigid in the following sense: if L∞(X)⋊ B˜n ∼= L∞(Y)⋊Λ,
for an arbitrary free ergodic pmp action Λ y (Y, ν), then the actions B˜n y X,Λ y Y
are stably (or, virtually) conjugate. Moreover, we prove that the same holds if B˜n is
replaced with a finite index subgroup of the direct product B˜n1 × · · · × B˜nk , for some
n1, . . . , nk > 4. The proof uses the dichotomy theorem for normalizers inside crossed
products by free groups from [PV11] in combination with the OE superrigidity theorem
for actions of mapping class groups from [Ki06]. Similar techniques allow us to prove
that if a group Γ is hyperbolic relative to a finite family of proper, finitely generated,
residually finite, infinite subgroups, then the II1 factor L∞(X) ⋊ Γ has a unique Cartan
subalgebra, up to unitary conjugacy, for any free ergodic pmp action Γ y (X, µ).
1. Introduction
1.1. Background. Every measure preserving action Γ y (X,µ) of a countable group
Γ on a standard probability space (X,µ) gives rise to a tracial von Neumann algebra
M := L∞(X) ⋊ Γ , via the classical group measure space construction of Murray and von
Neumann [MvN36]. If the action Γ y (X,µ) is free and ergodic, then M is a II1 fac-
tor and A := L∞(X) is a Cartan subalgebra, i.e. a maximal abelian ∗-subalgebra whose
normalizer, NM(A) = {u ∈ U(M)|uAu∗ = A}, generates a dense subalgebra ofM.
Since the early 2000s, Popa’s deformation/rigidity theory has generated spectacular
progress in the classification of group measure space II1 factors (see the surveys [Po06,
Va10a, Io12b]). A major achievement of this theory is the recent discovery of the first
families of actions that can be entirely reconstructed from their group measure space
II1 factors. To be more precise, recall that a free ergodic pmp action Γ y (X,µ) is said
to be W∗-superrigid if any free ergodic pmp action Λ y (Y, ν) which gives rise to an
isomorphic II1 factor, L∞(X) ⋊ Γ ∼= L∞(Y) ⋊ Λ, is conjugate (or, more generally, stably
conjugate) to Γ y (X,µ).
In [Pe09], J. Peterson proved the existence of W∗-superrigid actions. Shortly after, S.
Popa and S. Vaes obtained the first concrete families of W∗-superrigid actions [PV09].
For instance, they proved that for any group Γ belonging to a large class of amalgamated
free product groups, the Bernoulli action Γ y (X0, µ0)Γ is W∗-superrigid. The second
named author then showed that the Bernoulli action Γ y (X0, µ0)Γ is W∗-superrigid,
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for any icc property (T) group Γ [Io10]. Subsequently, several large families of W∗-
superrigid actions were found in [IPV10, CP10, HPV10, Va10b, CS11, PV11, Bo12].
In particular, C. Houdayer, S. Popa and S. Vaes exhibited the first and, thus far, only
example of a group Γ whose every free ergodic pmp action is W∗-superrigid [HPV10].
More precisely, let Γ = SL3(Z)∗ΣSL3(Z), whereΣ < SL3(Z) is the subgroup consisting of
matrices g = (gij)with g31 = g32 = 0. It was then shown in [HPV10] that if Γ y (X,µ) is
an arbitrary free ergodic pmp action, then the II1 factor L∞(X)⋊ Γ has a unique group
measure space Cartan subalgebra, up to unitary conjugacy. In combination with the
third named author’s work [Ki09] showing that the action Γ y (X,µ) is OE superrigid,
this implies that the action Γ y (X,µ) is W∗-superrigid.
1.2. Statement of main results. The goal of this paper is to provide new and more
natural examples of groups Γ whose every action is W∗-superrigid. To state our main
results, let Pn < Bn be the pure braid and braid groups on n strands. Denote by Z
the common center of Bn and Pn, and define the central quotients B˜n = Bn/Z and
P˜n = Pn/Z. We show that if n > 4, then every free ergodic pmp action of B˜n and P˜n is
W∗-superrigid. More generally, we have:
Theorem A. Let Γ1, . . . , Γk be groups belonging to the family {B˜n|n > 4}, for some k > 1. Let
Γ < Γ1 × · · · × Γk be a finite index subgroup and let Γ y (X,µ) be a free ergodic pmp action.
Let Λy (Y, ν) be an arbitrary free ergodic pmp action.
If L∞(X)⋊ Γ ∼= L∞(Y)⋊Λ, then the actions Γ y X,Λy Y are stably conjugate. Moreover,
if the action Γ y X is aperiodic, then the actions Γ y X, Λ y Y are conjugate: there exist an
isomorphism of probability spaces θ : (X,µ)→ (Y, ν) and an isomorphism of groups δ : Γ → Λ
such that θ(γ · x) = δ(γ) · θ(x), for all γ ∈ Γ and almost every x ∈ X.
For the notion of stable conjugacy (also called virtual conjugacy) of pmp actions, see
Definition 2.12. An ergodic pmp action Γ y (X,µ) is called aperiodic if its restriction to
any finite index subgroup Γ0 < Γ is ergodic.
Note that since Pn < Bn and hence P˜n < B˜n has finite index, Theorem A indeed
applies to arbitrary actions of B˜n and P˜n, for every n > 4.
In order to prove TheoremA, we first show that the II1 factor L∞(X)⋊ Γ has a unique
Cartan subalgebra, up to unitary conjugacy.
Theorem B. Let Γ1, . . . , Γk be groups belonging to the family {B˜n|n > 3}, for some k > 1. Let
Γ < Γ1 × · · · × Γk be a finite index subgroup and let Γ y (X,µ) be a free ergodic pmp action.
DenoteM = L∞(X)⋊ Γ .
If A ⊂M is a Cartan subalgebra, then there is a unitary u ∈M such that A = uL∞(X)u∗.
For a discussion of how Theorem B is proven and how it implies TheoremA, see the
next subsection.
For now, recall that a group Γ is said to be C-rigid (Cartan-rigid) in the sense of [PV11]
if the II1 factor L∞(X)⋊ Γ has a unique Cartan subalgebra, up to unitary conjugacy, for
any free ergodic pmp action Γ y (X,µ). Theorem B provides new examples of C-rigid
groups, adding to the classes already discovered in [PV11, PV12, Io12a].
In fact, a strategy similar to the one used in the proof of Theorem B enabled us to
find a new natural class of C-rigid groups.
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Theorem C. Let Γ be a group which is hyperbolic relative to a finite family of proper, finitely
generated, residually finite, infinite subgroups. Let Γ y (X,µ) be a free ergodic pmp action and
denoteM = L∞(X)⋊ Γ .
If A ⊂M is a Cartan subalgebra, then there is a unitary u ∈M such that A = uL∞(X)u∗.
Here, we use the notion of relative hyperbolicity from [Os04, Definition 1.6].
S. Popa and S. Vaes proved any non-elementary hyperbolic group is C-rigid [PV12].
In other words, any group that is relatively hyperbolic to the trivial subgroup (equiva-
lently, to a family of finite subgroups), is C-rigid. In view of this, it is natural to wonder
whether arbitrary relatively hyperbolic groups are C-rigid. TheoremC provides strong
supporting evidence towards this conjecture.
The proof of Theorem C relies on a combination of results from geometry group
theory and deformation/rigidity theory. Thus, we first use powerful results of D. Osin,
F. Dahmani, and V. Guirardel on the structure of relatively hyperbolic groups [Os05,
DGO11]. These results are then combined with recent work of S. Popa, S. Vaes, and
the second named author on the structure of normalizers inside crossed products by
hyperbolic groups [PV12] and by free product groups [Io12a, Va13].
Theorem C covers large families of groups extensively studied in various areas of
mathematics such as topology, geometric group theory, or model theory. For instance,
TheoremC applies to the following classes of groups: 1) the fundamental group of any
complete, finite-volume Riemannian manifold with pinched negative sectional curva-
ture, [Bow99, Fa99]; 2) any limit group, in the sense of Sela, over torsion free, relative
hyperbolic groups with free abelian parabolics [KM99, Se00].
1.3. Comments on the proofs of Theorems A and B. Before outlining the proof of
Theorem B, let us explain how Theorem B can be used to deduce Theorem A.
TheoremB implies that if Γ y (X,µ) is as in TheoremA, then the II1 factor L∞(X)⋊Γ
has a unique Cartan subalgebra. Thus, any free ergodic pmp action Λ y (Y, ν) such
that L∞(X) ⋊ Γ ∼= L∞(Y) ⋊ Λ is orbit equivalent to Γ y (X,µ). Now, as is well-known,
B˜n is isomorphic to a finite index subgroup of the mapping class group of the sphere
with n + 1 punctures. Since Γ is a finite index subgroup of B˜n1 × · · · × B˜nk , for some
n1, . . . , nk > 4, then the third author’s OE superrigidity theorem [Ki06] gives that any
free pmp action Λ y (Y, ν) that is orbit equivalent to Γ y (X,µ) is necessarily stably
conjugate to it.
Let us now outline the proof of Theorem B in the case when Γ = P˜n, for some n > 3.
The proof has two main ingredients. The first one is S. Popa and S. Vaes’ dichotomy
theorem for normalizers [PV11] which asserts that if A is an amenable subalgebra of
a crossed product M = N ⋊ Fn, then either a corner of A embeds into N, or the nor-
malizing algebraNM(A) ′′ is amenable relative toN. In order to apply this result to our
context, we use the fact that Pn is an iterated semi-direct product of free groups.
More precisely, the second ingredient of the proof is the well-known fact that there
is an exact sequence 1 → Fn−1 → P˜n → P˜n−1 → 1, for every n > 3. Let Fn be the class
of countable groups Γ for which we can find a sequence of group homomorphisms
Γ = Γn
πn−→ Γn−1 πn−1−−−→ · · · π2−→ Γ1 such that Γ1 and kerπi (2 6 i 6 n) are non-abelian free
groups. Since P˜3 ∼= F2, the above fact gives that P˜n ∈ Fn−2, for every n > 3
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By using [PV11] and an inductive argument, for every n > 1, any group Γ ∈ Fn and
every free ergodic pmp action Γ y (X,µ), we prove that if A ⊂ M := L∞(X) ⋊ Γ is
a maximal abelian ∗-subalgebra whose normalizing algebra NM(A) ′′ has finite index
inM, then a corner of A embeds into L∞(X). This implies thatM has a unique Cartan
subalgebra, up to unitary conjugacy, and settles TheoremB in the case Γ = P˜n, forn > 3.
1.4. Acknowledgements. Wewould like to thankRemi Boutonnet andCyril Houdayer
for useful comments. The first author is especially grateful to Denis Osin for kindly
pointing out to him that the main results of this paper also apply to the families of
groups described in the Section 5.
2. Preliminaries
In this section we collect some notions and results that we will use in the proofs of
our main results.
2.1. Tracial von Neumann algebras. A tracial von Neumann algebra (M,τ) is a pair that
consists of a von Neumann algebraM and a faithful normal tracial state τ. We denote
byM+ the set of all positive elements x ∈M and by Z(M) the center ofM. For x ∈M,
we denote by ‖x‖ the operator norm of x, and by ‖x‖2 =
√
τ(x∗x) the 2-norm of x.
Throughout the paper, we denote by L2(M) the Hilbert space obtained by completing
M with respect to ‖ · ‖2, and consider the standard representationM ⊂ B(L2(M)).
Let (M,τ) be a tracial von Neumann algebra and P ⊂M a von Neumann subalgebra.
Jones’s basic construction 〈M,eP〉 ⊂ B(L
2(M)) is the von Neumann algebra generated by
M and the orthogonal projection eP : L2(M) → L2(P). It is endowed with a faithful
semifinite trace Tr given by Tr(xePy) = τ(xy), for all x, y ∈ M. Also, we note that
EP := eP |M : M→ P is the unique τ-preserving conditional expectation onto P.
We say that P ⊂M is a masa if it is a maximal abelian ∗-subalgebra. The normalizer of
P insideM, denoted by NM(P), is the set of all unitaries u ∈M such that uPu∗ = P. We
say that P is regular inM if NM(P) ′′ = M. A Cartan subalgebra is a regular masa P ⊂M.
IfM is a vonNeumannalgebra togetherwith a subsetS ⊂M, then a stateφ :M→ C
is called S-central if φ(xT) = φ(Tx), for all T ∈ M and x ∈ S. A tracial von Neumann
algebra (M,τ) is called amenable if there exists an M-central state φ : B(L2(M)) → C
such that φ(x) = τ(x), for all x ∈ M. By a well-known theorem of A. Connes [Co75],
(M,τ) is amenable if and only if it is approximately finite dimensional.
2.2. Popa’s intertwining-by-bimodules technique. We next recall S. Popa’s powerful
intertwining-by-bimodules technique for conjugating subalgebras of tracial vonNeumann
algebras (see [Po03, Theorem 2.1 and Corollary 2.3]).
Theorem 2.1 (Popa, [Po03]). Let (M,τ) be a separable tracial von Neumann algebra and P,Q
be two (not necessarily unital) von Neumann subalgebras ofM.
Then the following are equivalent:
(1) There exist non-zero projections p ∈ P, q ∈ Q, a ∗-homomorphism θ : pPp → qQq
and a non-zero partial isometry v ∈ qMp such that θ(x)v = vx, for all x ∈ pPp.
(2) There is no sequence un ∈ U(P) satisfying ‖EQ(xuny)‖2 → 0, for all x, y ∈M.
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If one of the two equivalent conditions from Theorem 2.1 holds then we say that
a corner of P embeds into Q inside M, and write P ≺M Q. If we moreover have that
Pp ′ ≺M Q, for any non-zero projection p ′ ∈ P ′ ∩ 1PM1P, then we write P ≺sM Q.
2.3. Finite index inclusions of tracial vonNeumann algebras. If P ⊂M are II1 factors,
then the Jones index of the inclusion P ⊂M, denoted [M : P], is the dimension of L2(M)
as a left P-module. M. Pimsner and S. Popa proved that the index [M : P] is equal to the
best constant appearing in several inequalities involving the conditional expectation EP
[PP86, Theorem 2.2]. They also pointed out that these constants can be used to define
the index of any inclusion of tracial von Neumann algebras [PP86, Remark 2.4].
Definition 2.2 (Pimsner & Popa, [PP86]). Let (M,τ) be a tracial von Neumann algebra
with a von Neumann subalgebra P. Let
λ = inf {‖EP(x)‖22/‖x‖
2
2 | x ∈M+, x 6= 0}.
The index of the inclusion P ⊂ M is defined by letting [M : P] = λ−1, where we use the
convention that 1
0
=∞.
Note that if M and P are II1 factors, then by [PP86, Theorem 2.2], the usual index
[M : P] is equal to the one introduced in Definition 2.2. Also, notice that if P ⊂ M
has finite index, and p ∈ P is a projection, then pPp ⊂ pMp also has finite index.
This notion of index is suitable for our purposes, as it allows us to prove the following
technical result.
Lemma 2.3. Let (M,τ) be a tracial von Neumann algebra, p ∈M a non-zero projection, and
P ⊂ pMp a von Neumann subalgebra. Let N ⊂M be a von Neumann subalgebra. Denote by
q ∈ N the support projection of EN(p), and by P0 ⊂ qNq the unital von Neumann subalgebra
generated by EN(P). For every t > 0, we define qt = 1[t,∞)(EN(p)), using functional calculus.
If the inclusion P ⊂ pMp has finite index, then the inclusion qtP0qt ⊂ qtNqt has finite
index, for every t > 0.
Proof. The proof we give follows closely the proof of [Io11, Lemma 1.6 (1)]. As the
inclusion P ⊂ pMp has finite index, there exists λ > 0 such that ‖EP(x)‖22 > λ‖x‖
2
2, for
all x ∈ (pMp)+.
Let t > 0 and notice that EN(p)qt > tqt. Towards showing that the inclusion
qtP0qt ⊂ qtNqt has finite index, take x ∈ (qtNqt)+.
Firstly, since x ∈ N and EN(EP(pxp)) ∈ P0 (by the definition of P0) we get that
(2.1) |τ(EP(pxp)x)| = |τ(EN(EP(pxp))x)| = |τ(EN(EP(pxp))EP0(x))| 6 ‖x‖2‖EP0(x)‖2.
Secondly, since pxp ∈ (pMp)+, we have that ‖EP(pxp)‖22 > λ‖pxp‖
2
2 and thus
(2.2) |τ(EP(pxp)x)| = |τ(EP(pxp)pxp)| = ‖EP(pxp)‖22 > λ‖pxp‖
2
2.
Thirdly, since EN(p)qt > tqt, we get that
(2.3) ‖pxp‖22 = τ(pxpx) = ‖x
1
2px
1
2 ‖22 = ‖x
1
2pqtx
1
2 ‖22 > ‖EN(x
1
2pqtx
1
2 )‖22 =
‖x
1
2EN(p)qtx
1
2 ‖2 > t
2‖x
1
2qtx
1
2 ‖22 = t
2‖x‖22.
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By combining equations 2.1, 2.2 and 2.3 we conclude that ‖EP0(x)‖2 > λt
2‖x‖2. Since
x ∈ (qtMqt)+ was arbitrary, the inclusion qtP0qt ⊂ qtNqt has finite index. 
Lemma 2.4. [PP86, Lemma 2.3] Let (M,τ) be a tracial von Neumann algebra and P ⊂M be
a von Neumann subalgebra such that the inclusion P ⊂M has finite index. ThenM ≺sM P.
Proof. Assume by contradiction thatMz ⊀M P, for some non-zero projection z ∈ Z(M).
Thus,Mz ⊀Mz Pz, which by [Po03, Theorem2.1] implies that (Mz) ′∩〈Mz, ePz〉 does not
contain any non-trivial projection of finite trace in 〈Mz, ePz〉. Then [PP86, Lemma 2.3]
implies that for every ε > 0, we can find aprojection e ∈Mz such that ‖EPz(e)‖2 < ε‖e‖2
(see [Io11, Lemma 1.4] for details). This contradicts the assumption that P ⊂ M has
finite index. 
2.4. Dichotomy for normalizers inside crossed products by free groups. Recently,
S. Popa and S. Vaes proved a remarkable dichotomy for normalizers inside arbitrary
crossed products B ⋊ Γ by many groups Γ , including the free groups [PV11, Theo-
rem 1.6]. In order to state their theorem, we first need to recall the notion of relative
amenability.
Definition 2.5. [OP07, Section 2.2] Let (M,τ) be a tracial vonNeumann algebra, p ∈M a
projection, and P ⊂ pMp,Q ⊂M von Neumann subalgebras. We say that P is amenable
relative to Q inside M if there exists a P-central state φ : p〈M,eQ〉p → C such that
φ(x) = τ(x), for all x ∈ pMp.
Theorem 2.6 (Popa&Vaes, [PV11]). Let Γ be a weakly amenable group that admits a proper 1-
cocycle into an orthogonal representation that is weakly contained in the regular representation.
Let Γ y B be a trace preserving action on a tracial von Neumann algebra (B, τ). Denote
M = B ⋊ Γ . Let p ∈ M be a projection and A ⊂ pMp a von Neumann subalgebra that is
amenable relative to B insideM.
Then either A ≺M B or P := NpMp(A)
′′ is amenable relative to B insideM.
Recall from [OP07] that a II1 factorM is called strongly solid if NM(A) ′′ is amenable,
for any diffuse amenable von Neumann subalgebra A ⊂M.
Definition 2.7. We say that a group Γ is relatively strongly solid if it is non-amenable and
satisfies the dichotomy of Theorem 2.6. We denote by Crss the class of all such groups.
Note that by Theorem 2.6, Crss contains in particular all non-abelian free groups.
2.5. Braid and pure braid group. In this subsection we record several algebraic prop-
erties of the braid and pure braid groups (see for instance [FM11, Chapter 9]). Recall
that the braid group on n strands, denoted by Bn, has the following presentation
Bn = 〈σ1, . . . , σn−1| σiσi+1σi = σi+1σiσi+1, for all i, and σiσj = σjσi, if |i− j| > 1〉
The pure braid group Pn is the kernel of the natural homomorphism Bn → Sn, where
Sn denotes the group of permutations of {1, . . . , n}. In other words, Pn is the subgroup
of all braids that induce the trivial permutation on {1, . . . , n}. The centers of Bn and Pn
coincide, Z(Bn) = Z(Pn), and are isomorphic with the infinite cyclic group. Moreover,
Pn splits as a direct product over its center: Pn ∼= Pn/Z(Pn)× Z(Pn).
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Most of the rigidity results that we will prove apply to the central quotients of Bn
and Pn, which we denote throughout by B˜n = Bn/Z(Bn) and P˜n = Pn/Z(Pn). It is clear
that P˜n is isomorphic to a finite index subgroup of B˜n. Also, since P3 ∼= F2×Z, we have
that P˜3 ∼= F2.
Next, we isolate the key property of P˜n and B˜n that will allow us to prove uniqueness
of Cartan subalgebras for II1 factors associated with their actions. First, we introduce
some terminology.
Definition 2.8. Let C be a class of groups. We define Quot1(C) = C. Given an integer
n > 2, we say that a group Γ belongs to the class Quotn(C) if there exist:
(1) a collection of groups Γk, 1 6 k 6 n, such that Γ1 ∈ C, Γ is commensurable to Γn
(i.e. there are finite index subgroups Λ < Γ and Σ < Γn with Λ ∼= Σ), and
(2) a collection of surjective homomorphisms πk : Γk → Γk−1 such that ker(πk) ∈ C,
for all 2 6 k 6 n.
Lemma 2.9. Let C be a class of groups and Γk, 1 6 k 6 n, be a collection of groups, for n > 2.
Assume that there exist surjective homomorphisms πk : Γk → Γk−1 satisfying ker(πk) ∈ C, for
all 2 6 k 6 n. If we denote by pn = π2 ◦π3 ◦ · · · ◦πn : Γn → Γ1 then ker(pn) ∈ Quotn−1(C).
Proof. For every 2 6 k 6 n, denote by pk = π2 ◦ π3 ◦ · · · ◦ πk : Γk → Γ1 and by Λk =
ker(pk) < Γk. Then πk(Λk) = Λk−1 and hence the restriction πk|Λk : Λk → Λk−1 is well-
defined and surjective. Moreover, we have that Λ2 = ker(π2) ∈ C and ker(πk |Λk) =
ker(πk) ∈ C, for every 3 6 k 6 n. This shows that ker(pn) = Λn ∈ Quotn−1(C). 
We also record the following basic fact.
Lemma 2.10. Let C be a class of groups. If Γ1 ∈ Quotn1(C), . . . , Γk ∈ Quotnk(C), then
Γ1 × . . . × Γk ∈ Quotn1+···+nk(C).
Now, for every n > 3, there exists a surjective homomorphism πn : Pn → Pn−1. More
precisely, given a pure braid γ ∈ Pn, we can remove its last strand and obtain a pure
braid πn(γ) ∈ Pn−1. Moreover, we have that πn(Z(Pn)) = Z(Pn−1), and the kernel of πn
is isomorphic to the free group onn−1 generators, Fn−1, by the Birman exact sequence.
Hence, π˜n : P˜n → P˜n−1 given by π˜n(γZ(Pn)) = πn(γ)Z(Pn−1) is awell-defined surjective
homomorphism and ker π˜n ∼= kerπn ∼= Fn−1. Since P˜n < B˜n is a finite index subgroup
and P˜3 ∼= F2, we altogether deduce the following:
Corollary 2.11. For every n > 3, we have that B˜n, P˜n ∈ Quotn−2(F), where F denotes the
class of all non-abelian free groups.
2.6. OE superrigidity for actions of central quotients of braid groups. We begin by
recalling some terminology.
Definition 2.12. Two ergodic pmp actions Γ y (X,µ) and Λy (Y, ν) are said to be
(1) conjugate if there exist a probability space isomorphism θ : (X,µ)→ (Y, ν) and a
group isomorphism δ : Γ → Λ such that θ(γ · x) = δ(γ) · θ(x), for all γ ∈ Γ and
almost every x ∈ X.
(2) stably conjugate if there exist finite index subgroups Γ0 < Γ , Λ0 < Λ, and finite
normal subgroups Γ1 E Γ0, Λ1 EΛ0 such that
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• the action Γ y (X,µ) is induced from some pmp action Γ0 y (X0, µ0).
• the action Λy (Y, ν) is induced from some pmp action Λ0 y (Y0, ν0).
• the actions Γ0/Γ1 y (X0, µ0)/Γ1 and Λ0/Λ1 y (Y0, ν0)/Λ1 are conjugate.
(3) orbit equivalent if there exists a probability space isomorphism θ : (X,µ)→ (Y, ν)
such that θ(Γ · x) = Λ · θ(x), for almost every x ∈ X.
Here, we say that an action Γ y (X,µ) is induced from an action Γ0 y (X0, µ0) of a
finite index subgroup Γ0 < Γ if X0 ⊂ X is a Γ0-invariant Borel subset of positive measure
such that µ(γ · X0 ∩ X0) = 0, for all γ ∈ Γ \ Γ0.
Remark 2.13. The notion of stable conjugacy is taken from [PV09, Section 6.2]. It is easy
to see that two actions are stably conjugate if and only if they are virtually conjugate, in
the sense of [Ki06, Definition 1.3].
Next,we state the third named author’sOE superrigidity theorem for actions ofmap-
ping class group [Ki06, Theorem 1.1]. Let Rg,n be a compact orientable surface of genus
g with n boundary components. We denote by Γ(Rg,n) the group of isotopy classes of
homeomorphisms of Rg,n, where isotopymay move points of the boundary of Rg,n. We
also denote κ(Rg,n) = 3g + n− 4.
Theorem 2.14 (Kida, [Ki06]). Let k > 1, and for 1 6 i 6 k, let Rgi,ni be a compact orientable
surface such that κ(Rgi ,ni) > 0. Let Γ be a finite index subgroup of Γ(Rg1,n1)×· · ·× Γ(Rgk,nk).
Let Γ y (X,µ) be a free ergodic pmp action. LetΛy (Y, ν) be any free ergodic pmp action that
is orbit equivalent to Γ y (X,µ).
Then the actions Γ y (X,µ) and Λ y (Y, ν) are stably conjugate. Moreover, if the action
Γ y (X,µ) is aperiodic, then the actions Γ y (X,µ) and Λy (Y, ν) are conjugate.
Remark 2.15. Let Sg,n be an orientable surface of genus g with n punctures. We de-
note by Mod(Sg,n) the mapping class group of Sg,n, i.e., the group of isotopy classes of
orientation-preserving homeomorphisms of Sg,n. For every n ≥ 3, the group B˜n is
isomorphic to an index n subgroup of Mod(S0,n+1) [FM11, Section 9.2].
As precisely discussed in [Iv02, Section 5.1], the groups Mod(Sg,n) and Γ(Rg,n) are
isomorphic. In conclusion, Theorem 2.14 applies to B˜n and P˜n, and moreover to finite
index subgroups of direct products of B˜n’s and P˜n’s, for every n > 4.
Remark 2.16. The proof of [Ki06, Theorem 1.1] moreover shows that any orbit equiv-
alence θ : X → Y between two actions Γ y (X,µ) and Λ y (Y, ν) as in Theorem 2.14
arises in a canonical way from a stable conjugacy between them.
3. Uniqueness of Cartan subalgebras
The main goal of this section is to prove the following theorem and its corollary:
Theorem 3.1. Let Γ ∈ Quotn(Crss), for some n > 1. Let Γ y (B, τ) be a trace preserving
action on a tracial von Neumann algebra (B, τ). Denote M = B ⋊ Γ and let p ∈ M be a
projection. Let A ⊂ pMp be a masa and denote P = NpMp(A)
′′.
If the inclusion P ⊂ pMp has finite index, then A ≺M B.
Corollary 3.2. Let Γ ∈ Quotn(Crss), for some n > 1. Let Γ y (X,µ) be a free ergodic pmp
action and denote M = L∞(X) ⋊ Γ . If A ⊂ M is a Cartan subalgebra, then we can find a
unitary u ∈M such that A = uL∞(X)u∗.
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In preparation for the proof of Theorem 3.1, we introduce some notation.
Notation 3.3. In the setting from Theorem 3.1, assume that we are given a countable
groupΛ and a homomophism δ : Γ → Λ. We denote by {uγ}γ∈Γ ⊂ LΓ and {vh}h∈Λ ⊂ LΛ
the canonical unitaries. Then we have a ∗-homomorphism θ : M→M⊗¯LΛ given by
θ(buγ) = buγ ⊗ vδ(γ), for all b ∈ B and γ ∈ Γ .
Next, we establish two results about θ that we will use in the proof of Theorem 3.2.
Proposition 3.4. In the setting from 3.3, assume that δ is surjective. Let P ⊂ M be a von
Neumann subalgebra and Σ < Λ a subgroup. If θ(P) ≺M⊗¯LΛ M⊗¯LΣ, then P ≺M B⋊δ
−1(Σ).
Proof. Assume by contradiction that P ⊀M B ⋊ δ−1(Σ). Then by Theorem 2.1 we can
find a sequence of unitaries un ∈ P such that
(3.1) ‖EB⋊δ−1(Σ)(aunb)‖2 → 0, for all a, b ∈M.
We claim that
(3.2) ‖EM⊗¯LΣ(xθ(un)y)‖2 → 0, for all x, y ∈M⊗¯LΛ.
By using approximations in ‖ · ‖2 it suffices to prove 3.2 whenever x = 1 ⊗ vλ1 and
y = 1⊗ vλ2 , for some λ1, λ2 ∈ Λ. Let γ1, γ2 ∈ Γ such that λ1 = δ(γ1) and λ2 = δ(γ2).
For every n, we decompose un =
∑
γ∈Γ x
γ
nuγ, where x
γ
n ∈ B. Then we have that
EM⊗¯LΣ((1 ⊗ vλ1)θ(un)(1⊗ vλ2)) =
∑
γ∈Γ, δ(γ1γγ2)∈Σ
x
γ
nuγ ⊗ vδ(γ1γγ2).
This further implies that
(3.3) ‖EM⊗¯LΣ((1 ⊗ vλ1)θ(un)(1⊗ vλ2))‖
2
2 =
∑
γ∈γ−1
1
δ−1(Σ)γ−1
2
‖xγn‖
2
2 =
‖EB⋊δ−1(Σ)(uγ1unuγ2)‖
2
2.
By combining 3.1 and 3.3, we conclude that ‖EM⊗¯LΣ((1⊗ vλ1)θ(un)(1⊗ vλ2))‖2 → 0,
which proves claim 3.2. Following Theorem 2.1, this contradicts the assumption that
θ(P) ≺M⊗¯LΛ M⊗¯LΣ. 
Proposition 3.5. In the setting from 3.3, let p ∈ θ(M) be a non-zero projection. If pθ(M)p is
amenable relative toM⊗ 1 insideM⊗¯LΛ, then δ(Γ) is amenable.
Proof. Assume that pθ(M)p is amenable relative to M ⊗ 1. Then we can find a non-
zero projection q ∈ θ(M) ′ ∩ (M⊗¯LΛ) such that θ(M)q is amenable relative to M ⊗ 1
inside M⊗¯LΛ (see e.g. [Io12a, Remark 2.2.]). Therefore, there exists a θ(M)q-central
state Ψ : q〈M⊗¯LΛ, eM⊗1〉q→ C such that Ψ|q(M⊗¯LΛ)q = τ.
Let π : M⊗¯B(ℓ2Λ) → 〈M⊗¯LΛ, eM⊗1〉 be the obvious ∗-isomorphism. We define
Φ : B(ℓ2Λ)→ C by lettingΦ(T) = Ψ(qπ(1⊗T)q). Fixing T ∈ B(ℓ2Λ) and γ ∈ Γ we have
that π(1⊗ vδ(γ)Tv∗δ(γ)) = (uγ ⊗ vδ(γ))π(1⊗ T)(uγ ⊗ vδ(γ))
∗. Since (uγ ⊗ vδ(γ))q ∈ θ(M)q
and Ψ is θ(M)q-central we get that
(3.4) Φ(vδ(γ)Tv
∗
δ(γ)) = Ψ(((uγ ⊗ vδ(γ))q)π(1 ⊗ T)((uγ ⊗ vδ(γ))q)
∗) = Φ(T)
Since Φ(1) = τ(q) > 0 then the identity 3.4 implies that τ(q)−1Φ : B(ℓ2Λ) → C is a
{vδ(γ)}γ∈Γ -central state. This clearly implies that δ(Γ) is amenable. 
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In the proof of Theorem 3.1 we will also need the following technical result:
Proposition 3.6. Let (M,τ) be a tracial von Neumann algebra, A ⊂M a masa, and N ⊂M
a von Neumann subalgebra. Denote P = NM(A)
′′. Assume that P ⊂ M has finite index and
that A ≺M N.
Then we can find a non-zero projection q ∈ N and a masa A0 ⊂ qNq such that P0 ⊂ qNq
has finite index, where P0 = NqNq(A0)
′′. Moreover, we can find non-zero projections p0 ∈ A,
q ′ ∈ A ′0 ∩ qMq, and a unitary u ∈M such that u(Ap0)u
∗ = A0q
′.
Proof. Since A ≺M N, by applying Theorem 2.1 we can find projections p ∈ A,q ∈ N, a
∗-homomorphism θ : Ap → qNq, and a non-zero partial isometry v ∈ qMp such that
θ(x)v = vx, for all x ∈ Ap. Since A ⊂M is a masa, we may assume that v∗v = p. Also,
if q ′ = vv∗ ∈ θ(Ap) ′ ∩ qMq, then we can suppose that the support of EN(q ′) equals q.
Moreover, by the proof of [Po01, Theorem A.2] and [Io11, Lemma 1.5], we may as-
sume that A1 := θ(Ap) ⊂ qNq is a masa. Denote P1 = NqNq(A1) ′′.
Since A ⊂ P is regular, by [Po03, Lemma 3.5 (2)] it follows that Ap ⊂ pPp is regular.
Now, let u ∈ NpPp(Ap) and define αu ∈ Aut(Ap) by letting αu(x) = uxu∗. Then we
have that βu := θ ◦ αu ◦ θ−1 ∈ Aut(A1) satisfies βu(x)(vuv∗) = (vuv∗)x, for all x ∈ A1.
By projecting onto N, we get that βu(x)EN(vuv∗) = EN(vuv∗)x, for all x ∈ A1. Since
A1 ⊂ qNq is a masa and EN(vuv∗) ∈ qNq, by [JP81, Lemma 2.1] we deduce that
EN(vuv
∗) ∈ P1. Since Ap ⊂ pPp is regular, we conclude that EN(vpPpv∗) ⊂ P1.
For t > 0, let qt = 1[t,∞)(EN(q ′)). Then qt ∈ A ′1 ∩ qNq = A1, for all t > 0, and
‖qt − q‖ → 0, as t→ 0. In particular, we can find t > 0 such that qt 6= 0. Since P ⊂M
has finite index, vpPpv∗ ⊂ vpMpv∗ = q ′Mq ′ has finite index. By Lemma 2.3 we get
that qtEN(vpPpv∗) ′′qt ⊂ qtNqt has finite index, hence qtP1qt ⊂ qtNqt has finite index.
Finally, since A1 ⊂ P1 is regular, by [Po03, Lemma 3.5.(2)] we derive that A1qt ⊂
qtP1qt is regular. Thus, if A0 := A1qt, then the inclusion P0 := NqtNqt(A0)
′′ ⊂ qtNqt
has finite index. Moreover, if u ∈M is any unitary extending v and p0 = θ−1(qt), then
u(Ap0)u
∗ = A0(qtq
′). Since qtq ′ ∈ (A0qt) ′ ∩ qtMqt, we are done. 
Proof of Theorem 3.1. We start the proof with two claims. Firstly, we claim that if
a group Γ satisfies Theorem 3.1 then, in the setting from Theorem 3.1, we moreover
get that A ≺sM B. Indeed, by [Va10b, Lemma 2.5 and Proposition 2.6] we can find
projections p1, p2 ∈ Z(P) such that p1 + p2 = p, Ap1 ≺sM B and Ap2 ⊀M B. Assume
by contradiction that p2 6= 0. Then since Pp2 ⊂ Np2Mp2(Ap2)
′′, Pp2 ⊂ p2Mp2 has finite
index, and Γ satisfies the conclusion of Theorem 3.1, we would get that Ap2 ≺M B.
Secondly, we claim that if Γ0 < Γ is a finite index inclusion of groups and Γ0 satisfies
the conclusion of Theorem 3.1, then Γ also does. Let M = B ⋊ Γ the crossed product
algebra associated with a trace preserving action Γ y (B, τ). Let A ⊂ pMp be a masa
such that P = NpMp(A) ′′ has finite index in pMp. DenoteM0 = B ⋊ Γ0. Since Γ0 < Γ
has finite index, we have that M ≺M M0. By Proposition 3.6 we can find a non-zero
projection q ∈ M0 and a masa A0 ⊂ qM0q such that P0 := NqM0q(A0)
′′ ⊂ qM0q has
finite index. Moreover, we can find non-zero projections p0 ∈ A, q ′ ∈ A ′0 ∩ qMq, and a
unitary u ∈M such that u(Ap0)u∗ = A0q ′. Since Γ0 satisfies the conclusion of Theorem
3.1, our first claim yields that A0 ≺sM0 B. This implies that A ≺M B, and shows that Γ
satisfies Theorem 3.1, as claimed.
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In the rest of the proof, we proceed by induction on n to prove that every group
Γ ∈ Quotn(Crss) satisfies the conclusion of Theorem 3.1.
First assume that n = 1 and let Γ ∈ Quot1(Crss) = Crss. LetM = B⋊ Γ and A ⊂ pMp
be as in the hypothesis of Theorem 3.1. Since Γ ∈ Crss we have that either A ≺M B or
P = NpMp(A)
′′ is amenable relative to B.
Let us assume that P is amenable relative to B and derive a contradiction. Note that
since P ⊂ pMp has finite index, by Lemma 2.4 we get that pMp ≺spMp P. This easily
implies that pMp is amenable relative to P. Since P is amenable relative to B, by using
[OP07, Proposition 2.4 (3)] we get that pMp is amenable relative to B. Therefore,Mz
is amenable relative to B, where z ∈ M is the central support of p (see [Io12a, Remark
2.2]).
Thus, we can find a Mz-central state φ : z〈M,eB〉z → C. Next, note that there is
a ∗-isomorphism α : 〈M,eB〉 → B(ℓ2Γ)⊗¯B which satisfies α(uγ) = λγ ⊗ σγ, where
{λγ}γ∈Γ ⊂ U(ℓ
2Γ) is the regular representation and {σγ}γ∈Γ ⊂ U(L2(B)) is the unitary
representation associated with the action Γ y (B, τ). Let ψ : B(ℓ2Γ) → C be the state
given by ψ(T) = φ(z(T ⊗ 1)z).
Then for all T ∈ B(ℓ2Γ) and γ ∈ Γ , we have
Ψ(λγTλ
∗
γ) = φ(z(λγ ⊗ 1)(T ⊗ 1)(λγ ⊗ 1)
∗z) =
φ(z(λγ ⊗ σγ)(T ⊗ 1)(λγ ⊗ σg)
∗z) = φ(zTz) = ψ(T).
Thus, ψ is {λγ}γ∈Γ -invariant and therefore Γ is amenable, which is a contradiction.
This shows that we must have A ≺M B and finishes the proof in the case n = 1.
Let n > 1 and assume that the conclusion of Theorem 3.1 holds for any group in
Quotn(Crss). Let Γ ∈ Quotn+1(Crss). By Definition 2.8 and Lemma 2.9 we can find a
group Γ ′ that is commensurable to Γ , a groupΛ ∈ Crss, and a surjective homomorphism
δ : Γ ′ → Λ such that Σ := ker δ ∈ Quotn(Crss). Thus, we may assume that Γ ′′ = Γ ∩ Γ ′
has finite index in both Γ and Γ ′. By our second claim, in order to show that Γ satisfies
Theorem 3.1, it is enough to argue that Γ ′′ does. Moreover, it is easy to see that if Γ ′
satisfies Theorem 3.1, then Γ ′′ does. Altogether, we may assume that Γ = Γ ′.
LetM = B⋊ Γ the crossed product algebra associated with a trace preserving action
Γ y (B, τ). Let A ⊂ pMp be a masa such that P = NpMp(A) ′′ has finite index in pMp.
Our goal is to show that A ≺M B.
To this end, let θ : M → M⊗¯L(Λ) be the ∗-homomorphism defined in Notation
3.3. We identify M⊗¯L(Λ) = M ⋊ Λ, where Λ acts trivially on M. Since Λ ∈ Crss and
θ(P) ⊂ Nθ(p)(M⊗¯L(Λ))θ(p)(θ(A))
′′, we have that either θ(A) ≺M⊗¯L(Λ) M ⊗ 1, or θ(P) is
amenable relative toM⊗ 1 insideM⊗¯L(Λ).
Let us show that the secondcase leads to a contradiction. Assume that θ(P) is amenable
relative to M ⊗ 1 inside M⊗¯L(Λ). Since P ⊂ pMp has finite index, by Lemma 2.4 we
get that pMp ≺spMp P, hence pMp is amenable relative to P inside pMp. From this we
derive that θ(pMp) is amenable relative to θ(P) inside M⊗¯L(Λ). By applying [OP07,
Proposition 2.4 (3)] we get that θ(pMp) is amenable relative toM⊗ 1 insideM⊗¯L(Λ).
Since δ is surjective, Proposition 3.5 implies thatΛ is amenable, which is a contradiction.
Therefore, the first case must hold, i.e. θ(A) ≺M⊗¯L(Λ) M ⊗ 1. Then Proposition 3.4
implies that A ≺M N := B⋊ Σ. By Lemma 3.6 we can find a non-zero projection q ∈ N
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and a masa A0 ⊂ qNq such that P0 := NqNq(A0) ′′ ⊂ qNq has finite index. Moreover,
we can find non-zero projections p0 ∈ A, q ′ ∈ A ′0 ∩ qMq, and a unitary u ∈ M such
that u(Ap0)u∗ = A0q ′.
Since Σ ∈ Quotn(Crss), the induction hypothesis gives that Σ verifies conclusion of
Theorem 3.1. Therefore, by using the first claim of the proof, we deduce that A0 ≺sN B.
This together with the equality u(Ap0)u∗ = A0q ′ implies that A ≺M B, which finishes
the proof of the theorem. 
Proof of Corollary 3.2. Let A ⊂ M = L∞(X) ⋊ Γ be a Cartan subalgebra. Then by
applying Theorem 3.1 we get that A ≺M L∞(X). By [Po01, Theorem A.1] we conclude
that A = uL∞(X)u∗, for some unitary u ∈M. 
4. Proofs of Theorems A and B
4.1. Proof of Theorem B. Let Γ < Γ1 × · · · × Γk be a finite index subgroup, where
Γ1, . . . , Γk are groups in the family {Bn|n > 3}. Corollary 2.11 gives that B˜n ∈ Quotn−2(F),
where F is the class of all non-abelian free groups, for all n > 3. Then Lemma 2.10 im-
plies that Γ ∈ QuotN(F), for some N > 1. Since we have that F ⊂ Crss by Popa-Vaes’
dichotomy Theorem 2.6, Corollary 3.2 yields the conclusion. 
4.2. Proof of Theorem A. The conclusion follows by combining together Theorem B,
Theorem 2.14 and Remark 2.15. 
Remark 4.1. We note that by combining Theorem B, Theorem 2.14, Remark 2.15 and
Remark 2.16, it follows any action Γ y (X,µ) as in TheoremA is stably W∗-superrigid, in
the sense of [PV09, Definition 6.4].
Theorem B in combination with a result from [Ki06] leads to a new class of groups
whose every free ergodic action gives rise to a II1 factor with trivial fundamental group.
Corollary 4.2. Let Γ be a group as in Theorem A and Γ y (X,µ) be a free ergodic pmp action.
Then the II1 factorM = L
∞(X)⋊ Γ has trivial fundamental group, F(M) = {1}.
Proof. Since L∞(X) is the unique Cartan subalgebra of M by Theorem A, we get that
F(M) = F(R), where R is the equivalence relation R = {(x, y) ∈ X × X|Γ · x = Γ · y}.
Since F(R) = {1} by [Ki06, Corollary 2.8], we are done. 
Since Pn ∼= P˜n × Z and Pn < Bn has finite index, Theorems A and B do not hold
when Γ is equal to either Bn or Pn. However, as a consequence of Theorem 3.1, one
still obtains some information about the structure of Cartan subalgebras in II1 factors
associated to actions of Bn and Pn.
Corollary 4.3. Let Γ ∈ {Bn, Pn}, for some n > 3, and Z be the common center of Bn and Pn.
Let Γ y (X,µ) be a free ergodic pmp action and denoteM = L∞(X)⋊ Γ .
If A ⊂M is a Cartan subalgebra, then A ≺M L
∞(X)⋊ Z.
Proof. Let Γ0 = Pn, viewed as a subgroup of Γ . Recall that if Z denotes the center of Pn
and P˜n = Pn/Z, then Pn ∼= P˜n × Z. DenoteM0 = L∞(X)⋊ Γ0.
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Since Γ0 < Γ has finite index, by Proposition 3.6 we can find a non-zero projection
q ∈M0 and a masa A0 ⊂ qM0q such that P0 = NqM0q(A0)
′′ ⊂ qM0q has finite index.
Moreover, we can find non-zero projections p0 ∈ A, q ′ ∈ A ′0 ∩ qMq, and a unitary
u ∈M such that u(Ap0)u∗ = A0q ′.
Finally, we identifyM0 = (L∞(X) ⋊ Z) ⋊ P˜n. Since Corollary 2.11 and Theorem 2.6
give that P˜n ∈ Quotn−2(F), by Theorem 3.1 we deduce that A0 ≺M0 L
∞(X) ⋊ Z. This
easily implies that A ≺M L∞(X)⋊ Z. 
4.3. W∗-superrigidity for actions of mapping class groups associated with surfaces
of low genus. In this subsection, we present a generalization of TheoremA and explain
how it provides evidence towards a general conjecture.
As mentioned before, the central quotient of the braid group B˜n can be canonically
identified with a finite index subgroup of the mapping class group Mod(S0,n+1) of an
orientable surface S0,n+1 of genus zero (sphere) with n + 1 punctures. Thus, for any
n > 4, we have Mod(S0,n) ∈ Quotn−3(F) and our main unique Cartan subalgebra
results apply to these groups as well.
Next,we briefly argue that the situation is similar for themapping class groupMod(Sg,n)
of an orientable surface Sg,n of genus g = 1, 2with n punctures. To see this, we need to
recall some basic properties of these groups. Firstly, the results from [FM11, page 57]
show that the mapping class groupMod(S1,1) of the once-punctured two-torus S1,1 can
be identified with SL(2,Z), which is well known to contain a non-abelian free group
of index 12. Also, by a result of Birman and Hilden from [BiHi73], the mapping class
group Mod(S2,0) is a Z2 central extension of the mapping class group Mod(S0,6). Sec-
ondly, we recall that for all integers g, k > 1 we have Birman’s short exact sequence of
groups 1→ π1(Sg,k)→ Mod(Sg,k+1)→Mod(Sg,k)→ 1. Here, π1(Sg,k) denotes the fun-
damental group of Sg,k, which one can easily see that is isomorphic to the free group
of rank 2g+ k− 1. Altogether, by arguing as in the subsection 2.5, these remarks imply
that Mod(S1,n) ∈ Quotn(F), for all n > 1, and Mod(S2,n) ∈ Quotn+3(F), for all n > 0.
In conclusion, combining Corollary 3.2 above with the main results in [Ki06], we
obtain the followingW∗-superrigidity statement:
Corollary 4.4. Fix an integer k > 1 and asssume that Γ1, . . . , Γk are groups belonging to the
family {Mod(Sg,n)|g = 0, 1, 2; κ(Sg,n) > 0; (g,n) 6= (2, 0), (1, 2)}. Let Γ < Γ1 × · · · × Γk be a
finite index subgroup and let Γ y (X,µ) be a free ergodic pmp action. Let Λ y (Y, ν) be an
arbitrary free ergodic pmp action.
If L∞(X)⋊ Γ ∼= L∞(Y)⋊Λ, then the actions Γ y X,Λy Y are stably conjugate. Moreover,
if the action Γ y X is aperiodic, then the actions Γ y X, Λ y Y are conjugate: there exist an
isomorphism of probability spaces θ : (X,µ)→ (Y, ν) and an isomorphism of groups δ : Γ → Λ
such that θ(γ · x) = δ(γ) · θ(x), for all γ ∈ Γ and almost every x ∈ X.
Note that the restrictions κ(Sg,n) > 0 and (g, n) 6= (2, 0), (1, 2) in the statement above
are necessary conditions carried over from the OE-superrigidity results in [Ki06].
In view of this, we conjecture that Corollary 4.4 holds for any genus g > 3. However,
at this moment, it is unclear whether our methods can be potentially applied in such
situations. For instance it is known that the mapping class group of a surface of genus
above three do not surject onto any non-trivial free groups, since they are perfect groups
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[Pow78]. Moreover, the same holds formany of their finite index subgroups (see [HL95,
Corollary 7.4], [M01, Theorem A], and [Pu10, Theorem B]; see also [Iv06, Section 7]).
However, we remark the possibility that these groups may admit natural surjections
onto other type of groups to which the present deformation/rigidity theory methods
could successfully apply.
5. Proof of Theorem C
The goal of this section is to prove TheoremC. In the proof of TheoremCwewill com-
bine the methods developed above with some powerful results due to D. Osin [Os05]
and respectively F. Dahmani, G. Guirardel and D. Osin [DGO11]. More precisely, we
will need the following structural result for relatively hyperbolic groups:
Corollary 5.1 (Osin). Let Γ be a group which is hyperbolic relative to a finite family of proper
finitely generated, residually finite, infinite subgroups groups {Hι | ι ∈ I}.
Then there exist a non-elementary hyperbolic group K and a surjective group homomorphism
δ : Γ → K such that N = ker(δ) is isomorphic to a non-trivial (possible infinite) free product
N = ∗ι∈I ∗γ∈Tι N
γ
ι , where Tι ⊂ Γ are some subsets andN
γ
ι = γNιγ
−1 is the conjugate ofNι by
γ. In particular, there exist infinite groups L1 and L2 such that ker(δ) = L1 ⋆ L2.
We are grateful to Denis Osin for kindly communicating to us this result, which can
be viewed as a technical variation of [Os05, Theorem 1.1] and [DGO11, Theorem 7.9].
Proof. By combining [Os06, Corollaries 1.7 and 4.5] we can find two elementsγ, λ ∈ Γ of
infinite order such that Γ is hyperbolic relative to the collection {Hι|ι ∈ I}∪{EΓ(γ), EΓ (λ)}.
Here EΓ (γ) and EΓ (λ) denote the maximal, virtually cyclic subgroups containing γ and
λ, respectively. Notice that since the group Hι is residually finite, for every ι ∈ I, one
can find a finite index normal subgroup Nι ⊳ Hι which avoids any given finite subset
in Γ \ {e}. Thus, any such a family of Nι’s together with the trivial subgroups of EΓ (γ)
and EΓ (λ) satisfies the hypothesis of [Os05, Theorem 1.1]. This theorem implies that the
quotient group K := Γ/N by the normal closureN := 〈∪ιNι〉Γ of ∪ιNι in Γ is hyperbolic.
We claim that K is non-elementary hyperbolic. To see this, let π : Γ → K be the
quotient homomorphism. Denote A = π(EΓ (γ)) and B = π(EΓ (λ)). Since by [Os05,
Theorem 1.1], the restriction of π to EΓ (γ) and EΓ (λ) is injective, we get thatA and B are
infinite, virtually cyclic subgroups of K. Since EΓ (γ)∩EΓ (λ) is finite by [Os04, Theorem
1.7], we also get that A ∩ B is finite. This shows that K is not virtually cyclic, and hence
is non-elementary hyperbolic.
Moreover, by [DGO11, Corollary 6.34, Theorem5.15], the normal closureN = 〈∪ιNι〉Γ
is either trivial or it is isomorphic to a (possibly infinite) free product,N = ∗ι∈I ∗γ∈TιN
γ
ι ,
where Tι ⊂ Γ are some subsets and N
γ
ι is the conjugate of Nι by γ. Since all the pe-
ripheral subgroupsHι’s are almost malnormal in Γ by [Os04, Theorem 1.7], thenN is a
non-trivial free product.
Letting δ : Γ → K to be the canonical quotient map, where N = ker(δ), we get the
desired conclusion. 
Remark 5.2. If the parabolic groups Hι are amenable then so are all the conjugates
N
γι
ι ’s and we conclude that the groupN is weakly amenable, with Cowling-Haagerup
constant one. Moreover, sinceN is a free product of amenable groups, it admits a proper
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1-cocycle into the left regular representation. Altogether, using Theorem2.6 and [PV12,
Theorem1.4]we have thatN, Γ/N ∈ Crss, and hence Γ ∈ Quot2(Crss). Thus, by Theorem
3.2 above it already follows that such groups Γ are C-rigid. However, TheoremC asserts
that the same holds without the amenability assumption on the parabolic groups.
In order to treat the case when the parabolic groupsHι are not necessarily amenable,
we will use the following consequence of some recent structural results for normalizers
inside amalgamated free product von Neumann algebras:
Theorem 5.3 (Ioana, [Io12a]; Vaes, [Va13]). Let L1, L2 be two groups with |L1| > 2 and
|L2| > 3. Let L1 ⋆L2 y (X,µ) be a pmp action and denoteM = L
∞(X)⋊ (L1 ⋆L2). Let p ∈M
be a nonzero projection and A ⊂ pMp be an amenable von Neumann subalgebra.
If the normalizer Q := NpMp(A)
′′ ⊂ pMp has finite index, then A ≺sM L
∞(X).
Note that this result can be derived by adapting the proof [Io12a, Theorem7.1]. How-
ever, for simplicity, we will give a more direct proof of Theorem 5.3 using [Va13].
Proof. By applying [Va13, TheoremA]weget that one of the following statementsholds:
(1) Q is amenable relative to L∞(X) insideM;
(2) Q ≺M L∞(X)⋊ Li, for some i ∈ {1, 2};
(3) A ≺M L∞(X).
Now, sinceQ has finite index in pMp, then by Lemma 2.4 we have that pMp ≺sM Q and
hence pMp is amenable relative to Q insideM. Thus, if (1) holds, then by Proposition
2.4 (3) in [OP07] we would get that pMp is amenable relative to L∞(X) insideM. This
would imply that L1 ⋆ L2 is amenable, which is a contradiction.
Next, assume that (2) holds. Thus, we have thatQ ≺M L∞(X)⋊Li, for some i ∈ {1, 2}.
By proceeding as in the beginning of Theorem3.1we can find projectionsq1, q2 ∈ Z(Q)
with q1 + q2 = p and q1 6= 0 such that Qq1 ≺sM L
∞(X) ⋊ Li and Qq2 ⊀M L∞(X) ⋊ Li.
Since Q ⊆ pMp has finite index it follows that Qq1 ⊆ q1Mq1 has finite index and
hence by Lemma 2.4 we get q1Mq1 ≺sM Qq1. This fact in combination with the above
and Remark 3.7 in [Va08] gives that q1Mq1 ≺M L∞(X) ⋊ Li. This further implies that
Li has finite index in L1 ⋆ L2, which is again a contradiction.
Thus, the only possibility is that A ≺M L∞(X). Finally, by arguing similarly to the
beginning of Theorem 3.1, we conclude that A ≺sM L
∞(X). 
We are now ready to prove Theorem C.
5.1. Proof of Theorem C. By Corollary 5.1 there exists a surjective homomorphism
δ : Γ → Λ onto a non-elementary hyperbolic group Λ such that ker(δ) = L1 ⋆ L2 is the
free product of two infinite groups. Let θ : M → M⊗¯L(Λ) be the ∗-homomorphism
associated to δ as defined in Notation 3.3. We identifyM⊗¯L(Λ) = M⋊Λ, whereΛ acts
trivially on M. Since Λ ∈ Crss by [PV12] and θ(M) ⊂ N(M⊗¯L(Λ))(θ(A)) ′′, we have that
either θ(A) ≺M⊗¯L(Λ) M⊗ 1, or θ(M) is amenable relative toM⊗ 1 insideM⊗¯L(Λ).
By Proposition 3.5 the second case implies that δ(Γ) = Λ is amenable, which is a
contradiction. So the first case must hold , i.e., θ(A) ≺M⊗¯L(Λ) M⊗ 1. Then Proposition
3.4 implies that A ≺M P := L∞(X)⋊ ker(δ). By Proposition 3.6 we can find a non-zero
projection q ∈ P and a masa A0 ⊂ qPq such that P0 := NqPq(A0) ′′ ⊂ qPq has finite
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index. Moreover, we can find non-zero projections p0 ∈ A, q ′ ∈ A ′0 ∩ qMq, and a
unitary u ∈M such that u(Ap0)u∗ = A0q ′.
Now, since ker(δ) = L1 ⋆L2, we can decompose P = (L∞(X)⋊L1)⋆L∞(X) (L∞(X)⋊L2)
as an amalgamated free product. Thus, since A0 ⊂ qPq is amenable and P0 ⊆ qPq
has finite index, by applying Theorem 5.3 we derive that A0 ≺sP L
∞(X). Moreover,
since u(Ap)u∗ = A0q ′, this further implies that A ≺M L∞(X). Finally, by using [Po01,
Theorem A.1], we can find a unitary u ∈M such that A = uL∞(X)u∗. 
Remark 5.4. Theorem C applies to many concrete families of groups Γ that have been
intensively studied over the last decades in various branches of topology, geometric
group theory, or model theory – for instance, whenever Γ is in any of the following
classes:
(1) The fundamental group of any complete, finite-volume Riemannian manifold
with pinched negative sectional curvature; these groups are hyperbolic rela-
tively to their cusps groups which are finitely generated and nilpotent, and
hence residually finite [Bow99, Fa99].
(2) Any limit group, in the senseof Sela, over torsion free, relative hyperbolic groups
with free abelian parabolics [KM99, Se00]. Such groups are known to be hyper-
bolic relatively to a collection of free abelian subgroups from the work of D.
Groves, [Gr05].
By using Theorem C in combination with [Io08, Theorem A] we obtain a new W∗-
superrigidity result, in the spirit of similar results from [CS11, CSU11].
Corollary 5.5. Let Γ be a residually finite, property (T) group which is hyperbolic relative to a
finite family of proper, finitely generated, infinite subgroups. Let Γ y (X,µ) be a free ergodic
pmp profinite action and Λy (Y, ν) be an arbitrary free ergodic pmp action.
If L∞(X)⋊ Γ ∼= L∞(Y)⋊Λ, then the actions Γ y X, Λy Y are stably conjugate.
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